We study a polar molecule immersed into a superfluid environment, such as a helium nanodroplet or a Bose-Einstein condensate, in the presence of an intense electrostatic field. We show that coupling of the molecular pendular motion, induced by the field, to the fluctuating bath leads to formation of pendulons -spherical harmonic librators dressed by a field of many-particle excitations. We study the behavior of the pendulon in a broad range of molecule-bath and molecule-field interaction strengths, and reveal that its spectrum features series of instabilities which are absent in the field-free case of the angulon quasiparticle. Furthermore, we show that an external field allows to fine-tune the positions of these instabilities in the molecular rotational spectrum. This opens the door to detailed experimental studies of redistribution of orbital angular momentum in many-particle systems.
We study a polar molecule immersed into a superfluid environment, such as a helium nanodroplet or a Bose-Einstein condensate, in the presence of an intense electrostatic field. We show that coupling of the molecular pendular motion, induced by the field, to the fluctuating bath leads to formation of pendulons -spherical harmonic librators dressed by a field of many-particle excitations. We study the behavior of the pendulon in a broad range of molecule-bath and molecule-field interaction strengths, and reveal that its spectrum features series of instabilities which are absent in the field-free case of the angulon quasiparticle. Furthermore, we show that an external field allows to fine-tune the positions of these instabilities in the molecular rotational spectrum. This opens the door to detailed experimental studies of redistribution of orbital angular momentum in many-particle systems.
I. INTRODUCTION
Recently, it was shown that molecular rotation inside a superfluid leads to formation of a quasiparticle of a new kind -the angulon. The angulon represents a quantum rotor dressed by a field of many-particle excitations [1] [2] [3] , and in principle can be thought of as a rotational analogue of the well-studied polaron quasiparticle [4] [5] [6] [7] [8] . It was demonstrated, however, that the non-Abelian algebra used to describe quantum rotations, as well as the discrete spectrum of the rotor's eigenvalues, render the angulon physics substantially different from that of any other impurity problem [1] [2] [3] .
For instance, once placed inside superfluid, the molecular states become 'dressed' by a cloud of virtual phonon excitations -the process which lowers the molecular energy. While this effect also takes place for polarons, in the case of molecules the magnitude of the shift depends on the rotational state the molecule is in. This results in renormalization of the molecular rotational constantthe effect previously observed for several molecules inside superfluid helium nanodroplets [9] . The angulon theory allows for a simple interpretation of such a renormalization in terms of the rotational Lamb shift [1] [2] [3] , which is an exact phononic analogue of the photonic Lamb shift of quantum electrodynamics [10] . It was shown that even in the context of weakly-interacting ultracold gases, the magnitude of this shift is large enough to be accessible in modern experiments [11] .
Moreover, interaction of a molecular impurity with a superfluid leads to appearance of the many-body-induced fine structure in the angulon rotational spectrum. The latter occurs due to resonant exchange of angular momentum between the impurity and the many-body bath, and has no direct analogue in isolated isolated atoms or molecules.
In this contribution, we study the behavior of the angulon in the presence of an intense electrostatic field. We show that in the strong-field limit the angulon turns * mikhail.lemeshko@ist.ac.at into the 'pendulon' -a quantum spherical librator, whose pendular motion is altered by the field of phonon excitations. The paper is organized as follows. In Sec. II we describe the angulon Hamiltonian in the presence of an external electrostatic field. Next, in Sec. III we consider the strong-field limit of this Hamiltonian, which describes the pendulon quasiparticle. In Sec. IV we present a variational approach to the pendulon Hamiltonian and show that it is possible to reformulate it in a diagrammatic language, thereby acquiring access to the entire spectrum of the system. Next, in Sec. V we study how the pendulon spectra change depending on the superfluid density and external electric field, and uncover series of instabilities accompanied by the transfer of angular momentum from the impurity to the bath. Finally, Sec. VI outlines the conclusions of this work.
II. THE ANGULON HAMILTONIAN
We consider a linear rotor molecule immersed into a superfluid, as described by the angulon Hamiltonian [1] , in the presence of an external electrostatic field:
Here the first term,
describes a polar molecule with a dipole moment d in an electrostatic field of magnitude E, which defines the laboratory-frame z-axis. For simplicity, we consider the case of a linear-rotor impurity, whose low-energy spectrum is characterized by one rotational constant, B. The molecular eigenstates, |j, m , are labeled by the angular momentum, j, and its projection, m, onto the zaxis. The theory, however, is straightforward to extent to more complex species, such as symmetric and asymmetric tops [12, 13] . For convenience, we will express the strength of the molecule-field interaction using a dimensionless parameter,
The boson kinetic energy is given by the second term of Eq. (1),Ĥ
where ω k is the dispersion relation. Here and below we use the labelling k ≡ dk and set ≡ 1. Furthermore, in Eq. (4) the bosonic creation and annihilation operators,b + k andb k , are expressed in the angular momentum basis,b
Here, k = |k|, while λ and µ define the boson angular momentum and its projection onto the z-axis, see Refs. [1] [2] [3] for details.
Finally, the third term of Eq. (1) gives the moleculeboson interactions,
Note that the interaction depends explicitly on the molecular orientation in the laboratory frame, as given by the spherical harmonic operators, Y λµ (θ,φ) [14] . The magnitude of the coupling to phonons carrying angular momentum λ and linear momentum k is parametrized by U λ (k). Originally, Eq. (5) was derived to describe an ultracold molecule coupled to a weakly-interacting Bose-Einstein condensate (BEC), which leads to an analytic expression for
The latter assumes that in the impurity frame, {x , y , z }, the interaction between the linear rotor and a bosonic atom is expanded as
with V λ (r ) giving the interaction potential in the corresponding angular momentum channel. The prefactor of Eq. (6) depends on the bath number density, n, the kinetic energy of the bare atoms, k , and the bath dispersion relation, ω k . While for more involved cases, such as molecules in superfluid helium nanodroplets, Eq. (1) is not exact, it can still be looked at from a phenomenological point of view, with the coupling constants U λ (k) and dispersion relation ω k extracted from experiment or ab initio calculations. Therefore, in what follows we will approach the Hamiltonian 1 from a completely general perspective.
III. ANGULON'S STRONG-FIELD LIMIT: THE PENDULON
Let us focus on the strong-field regime, η 1, which has been thoroughly studied for molecules in the gas 
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Harmonic librator phase in the past [15] [16] [17] [18] [19] . Most importantly, it has been shown that in such a regime, the molecule-field HamiltonianĤ m-f can be reduced to that for a spherical harmonic librator. The latter, in turn, can be diagonalized exactly leading to the following eigenvalues:
where the vibrational quantum number v = 2α − |m| = 0, 1, 2, . . . . The eigenstates of the harmonic librator in the angular representation are given by:
where L k n (x) are associated Laguerre polynomials and the normalization constant is given by:
The projection of molecular angular momentum on the laboratory-frame z axis, |m| = 0, 1, 2, . . . , α, gives the number of φ nodes of the wavefunction. It is a good quantum number in the presence of a linearly polarized field. The total number of the θ nodes, on the other hand, is given by n θ = α − |m|. Thus, although the state 9 represents a superposition of several field-free rotational states,
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the quantum number α adiabatically turns into j in the limit of η → 0. Fig. 1(a) illustrates the crossover between the field-free states of a rigid rotor and the harmonic librator states of Eq. (8), with the corresponding change of the eigenfunctions. One can see that the states of harmonic librator are strongly-oriented with respect to the z-axis. Thus, in the limit of an intense electrostatic field, the Hamiltonian 1 can be rewritten as:
Hereafter we will refer to Eq. (12) as the 'pendulon Hamiltonian.'
IV. VARIATIONAL SOLUTIONS
By analogy with Ref.
[1], we adapt a variational ansatz based on single-phonon excitations:
Note that no Clebsch-Gordan coefficient appears in Eq. (13) since the total angular momentum is not a good quantum number in the presence of a field. Selection rule on projections, m ≡ m − µ, comes out naturally from the variational procedure outlined below.
Using the ansatz 13, we minimize the energy, E = ψ αm |Ĥ pend |ψ αm ψ αm |ψ αm , or, equivalently, the functional F = ψ αm |Ĥ pend − E|ψ αm . In Refs. [1] [2] [3] it was shown that for a variational state of the form 13, the resulting equations can be cast in form of the Dyson equation:
Here [G αm (E)] −1 is the total pendulon Green's function and
is the 'bath-free' Green's function of a molecule in an electric field. The pendulon self-energy is given by:
where
with C j3m3 j1m1,j2m2 the Clebsch-Gordan coefficients [14] . One can see that for the zero-field case, g The coefficients W αm α m ,λµ determine the selection rules on the virtual phonon excitations shown in Figs. 1(c) , and thereby provide a strong-field analogue of the ClebschGordan coefficient (C j 0 j0,λ0 ) 2 appearing in the field-free case. As an example, Fig. 2 shows the W 00 α m ,λµ coefficients which determine the self-energy of the ground pendulon state. One can see that the distribution of the dominant transitions (dark red) as well as forbidden ones (white) changes depending on the field strength, η, and the symmetry of the impurity-bath coupling, λ.
Thus, having the pendulon Green's function, Eq. (14), at hand, we acquire access not only to the ground-state properties but also to the entire excitation spectrum of the system. The latter is given by the spectral function [20] ,
which in addition provides insight into the quasiparticle properties of the angulon.
V. THE PENDULON SPECTRUM
In order to elucidate the pendulon's properties, here we provide numerical results on the spectral function, Eq. (18) . As an example, we consider a molecule immersed into a weakly-interacting BEC, whose dispersion is given by the Bogoliubov relation, ω k = k ( k + 2g bb n), where g bb = 4πa bb /m [21] with a bb > 0 the boson-boson scattering length and m the boson mass; k = 2 k 2 /(2m) gives the boson kinetic energy. Furthermore, in what follows, we adapt the dimensionless units where energy is measured in units of B and distance in units of (mB) −1/2 (in addition to ≡ 1 as defined above). Thus the unit of the bath number density, (mB) 3/2 , depends on the particular molecule and bosons one considers.
A typical molecule-atom potential is usually dominated by first few angular-momentum components, V λ (r ) of Eq. (7); furthermore, in several cases, the λ = 0, 2 components provide the main contribution [11, 22] . Therefore, as a qualitative model, we adapt the following Gaussian potentials:
and assume the interactions present only in λ = 0, 2 channels. Taking into account a typical shape of the molecule-atom potentials [11, 22] , we choose the magnitudes of the interactions and their corresponding ranges as u 0 = 1.75 u 2 = 218 and r 0 = r 2 = 1.5. We set the boson-boson scattering length a bb = 3.3, which approximately reproduces the speed of sound in superfluid 4 He for a molecule with B = 2π × 1 GHz [23] . Fig. 3 shows the dependence of the spectral function, Eq. (18), on the superfluid density n, for various intensities of the electrostatic field, η. For a molecule with a dipole moment d = 1 Debye and B = 2π × 1 GHz, η = 1 corresponds to a field of E ≈ 2 kV/cm, i.e. experimentally accessible fields correspond to η ≤ 50. Fig. 3(a) presents the spectral function for the zerofield limit of the pendulon -the angulon quasiparticle [1] [2] [3] 11] . In zero field, the only conserved quantity is total angular momentum of the system, L, and its projection, M , which for vanishing molecule-bath interactions coincide with the molecular quantum numbers, j, m. The many-body bath leads to several new features in the impurity spectrum. First, one can notice that around Ln[n] = −7.5 each L level splits into two components, which was referred to as 'many-body-induced fine structure of the first kind' in Ref. [1] . The latter occurs due to the interaction between the state with no phonons, L = j| 0|, and a state with one spherically-symmetric phonon, L = j| λ = 0|. Since the corresponding matrix element involves only the spherically-symmetric part of the molecule-bath interaction, U 0 (k) of Eq. (5), the resulting effect does not change in the presence of an external field.
Furthermore, as it was previously shown, the angulon spectrum features instabilities associated with the reso-
Dependence of the pendulon spectral function, AL(E), on the dimensionless density of the superfluid, n, for selected electrostatic field intensities, η. Panel (a) corresponds to the field-free limit of the pendulon, i.e. the angulon quasiparticle [1] . nant transfer of angular momentum between the molecule and the superfluid, dubbed 'many-body-induced fine structure of the second kind' in Ref. [1] . The latter can take place once the impurity-bath interactions are strong enough to push the angulon formed around the molecule in state j close to the phonon continuum attached to the molecular state j − 1. The emerging instability corresponds to the transfer of one unit of angular momentum from the molecule to the bath, induced by anisotropic (λ > 0) molecule-bath coupling. The regions where such instabilities take place are highlighted in Fig. 3 by green dashed frames. For our choice of parameters, the angulon instabilities between neighbouring states are forbidden by the selection rules arising due to the symmetry of the impurity-bath interaction. Namely, the only anizotropic term present, λ = 2, couples the states with j = j; j ± 2 and cannot induce any process changing the molecular angular momentum by one.
1 However, the instabilities between the states with ∆j = 2 are still allowed, as one can see from the behavior of A L=2 in the vicinity of Ln[n] = −1. Figs. 3(b) and (c) show the pendulon spectra in moderate, η = 10, and intense, η = 50, electrostatic fields. In this case, the only conserved quantity of the system is the projection of the total angular momentum onto the field axis. Note that the v = 2 state of a molecule in a strong field is double-degenerate, however, its components behave qualitatively similar in the presence of a superfluid. The most peculiar effect due to the external field is the occurrence of the instabilities between the neighbouring pendulon states, which take place due to the relaxed selection rules on the angular momentum exchange. As a result, the pendulon spectrum features the instabilities independently of the exact symmetry of the anisotropic molecule-bath interactions, and thereby makes it easier to observe them in experiment. Furthermore, at η = 10 there occur a 'double instability' around Ln[n] = −1, which corresponds to the resonant transitions changing the molecular state by ∆v = 1 and 2. Finally, one can see that the position of the instability shifts to larger densities n at higher intensities of the electrostatic field.
In order to get a deeper insight into the fielddependence of the pendulon states, in Fig. 4 we show the spectrum as a function of η, for a few representative superfluid densities. Fig. 4(a) corresponds to the pendulon states in the limit of low superfluid densities. Due to the weak interactions with the environment, the fielddependence is very close to that for a gas-phase molecule, i.e. the splitting between the neighboring states grows proportionally to √ 2η. At higher densities, Fig. 4(b) , one can see an additional metastable state attached to the stable pendulon level. As discussed above, it corresponds to dressing of the strongly-oriented molecular state with a spherically-symmetric phonon, λ = 0. Due to the spherical symmetry, the position of this peak relatively to the stable state does not get altered by an external field. Finally, Fig. 4(c) illustrates a transition from the stable pendulon state (sharp peak) to an instability, accompanied by a transfer of the angular momentum to the superfluid environment (broad peak). Thus, using external fields allows to fine-tune the instabilities' positions thereby paving the way to studying the angular momentum transfer in many-body systems using molecules interacting with superfluids.
VI. CONCLUSIONS
In this work we studied the properties of the pendulon quasiparticle, which represents an angulon in the presence of an intense electrostatic field. We have shown that an electric field relaxes the selection rules on the angular momentum exchange between the molecule and the bath, which results in a series of instabilities absent for the angulon. In other words, a field renders the instabilities universal, i.e. independent on the details of the molecule-boson potential energy surface. Furthermore, a field acts as an additional knob for altering the positions of the instabilities in the absorption spectrum, thereby opening the door for detailed experimental studies of redistribution of angular momentum in many-particle systems.
The most natural candidate for the experimental implementation of the scheme are molecules trapped inside superfluid helium nanodroplets [9] , where external fields can be applied to confine molecular rotation [24] , while the molecule-superfluid interactions are strong enough to modify the rotational spectrum of the impurity [25] .
While the theory presented in this paper focuses on a closed-shell 1 Σ linear polar molecule, the model is straightforward to extend to more complex species rotating as symmetric and asymmetric tops [12, 19, 26] . Due to a more involved rotational structure of such species, the pendulon spectrum is expected to be even richer than that described in the present study. Finally, it would be of great interest to investigate the field effect on weaklybound halo-species (such as Feshbach molecules) immersed into a Bose-Einstein condensate [27] [28] [29] . There, novel effects are expected to take place due to a strong coupling of both molecular rotational and vibrational degrees of freedom to the condensate excitations.
